Introduction
Let μ(n) be the usual Möbius function, which is defined by μ(1) = 1 and μ(n) = (−1) t if n is a product of t distinct primes, 0 ifn is not squarefree, for integer n ≥ 2. Good and Churchhouse in [3] made the following
Conjecture (Conjecture A in [3] ). The sums of μ(n) in blocks of length h, where h is large, have asymptotically a normal distribution with mean zero and variance 6h π 2 .
Their rationale to believe the conjecture is based on the probabilistic argument that μ(n), whenever n is squarefree, should behave like independent and identical random variables, which take 1 and −1 with equal probability. Since the proportion of squarefree integers among n + 1, . . . , n + h is close to 6 π 2 for large h, the central limit theorem can be used to justify the conjecture.
In [7] , Ng provides some theoretical evidence in support of the conjecture of Good and Churchhouse. Roughly speaking, he studies the value distribution of the partial sum k/2 , where C k is defined by
if k is even, 0 i fk odd, (1.1) which is just the k-th moment of the standard Gaussian distribution. However, Ng's main results (Theorems 1 and 2 in [7] ) are not unconditional. For such a combinatorial approach to work, it seems necessary to assume a certain uniform version of Chowla's conjecture (see Möbius s-tuple conjecture in [7] and Conjecture 1 in [9] ), which essentially guarantees that the Möbius sequence has no autocorrelation. This conjecture, which is believed to be very difficult to prove, has recently attracted a lot of attention from many authors in connection with Sarnak's Möbius disjointness conjecture in [9] .
In this paper, we present a function field version of partial progress toward Conjecture A of Good and Churchhouse. We calculate the mean and the large q limit of the variance of partial sums of the Möbius function on short intervals in the setting of the one-variable polynomial ring over the finite field F q of q elements for q odd. Our calculation closely follows the framework of [5] where Keating and Rudnick consider the distribution of the von Mangoldt function in function fields. To compute the large q limit, we use the equidistribution theorem of Deligne and Katz to convert the moment into a random matrix integral. In addition, we use the technique of Gamburd [2] , which shows that the Schur polynomials form the irreducible characters of the unitary group.
Eventually, one would like to complete the proof of Good and Churchhouse in the case of function field in the large q limit by calculating the k-th moments for all k ≥ 1 and our work can be viewed as a first step toward proving such a result. It should be noted that the function field analogue (in the large q limit) of Chowla's conjecture has been recently proven in [1] by Carmon and Rudnick. In the near future, we intend to look into the possible implication of this result in the computation of higher moments in our context.
To state our result precisely, let us introduce some notations. For A ∈ F q [T ], a nonzero polynomial in T with coefficients in the finite field F q of q elements, the Möbius function μ(A) is defined in the same way as in the integer case:
Here, c ∈ F * q and P 1 , . . . , P t are distinct prime factors of A. Let h be a nonnegative integer with h ≤ deg(A). By a short interval I(A, h), we mean the set of elements f ∈ F q [T ] with deg(A − f ) ≤ h. Then, we define the partial sum of Möbius on the short interval as
We will consider the mean and variance of M (A; h) over the monic polymonials of degree n (with h < n), which is defined by
Note that these are consistent with Conjecture A in the number field case, if we use the "dictionary" given in (2.9) of [5] with (number field) ←→ (function field);
In particular, these theorems give partial evidence that the distribution of M (•; n, h) is expected to be close to the normal distribution with mean 0 and variance q h+1 .
The structure of this paper is as follows. Theorems 1.1 and 1.2 will be proven in Section 2 and Section 3, respectively. Our notations and proofs will closely follow the exposition in [5] .
To conclude the introduction, we list some of the notations used in this paper. The polynomial ring over F q is denoted by A = F q [T ] . And, its superscript + and subscripts are to be interpreted as indicating the subset of monic polynomials and its restriction on degrees. That is, we define
Also,
And, we will write P for the set of all monic irreducible polynomials in A. For A ∈ A n , the short interval I(A, h) can be written as
It is clear that
We will frequently make use of the fact that the function M (A; h) for A ∈ A + n is constant on I(A, h), therefore, the mean and variance can be computed as
2. Proof of Theorem 1.1
To calculate E[M (•; n, h)], we begin with the usual zeta function Z(u) of A, which is defined by
Proof. This can be shown by standard Dirichlet series analysis, for example, see p. 18 of [8] . That is,
then compare this with Z(u)
Now, we give the proof of Theorem 1.1. First,
from Lemma 2.1. If n > 1, from (1.5) and (1.4),
by Lemma 2.1 again. This completes the proof of Theorem 1.1.
Proof of Theorem 1.2

Lemmas
We start with some preliminary lemmas concerning various Möbius sums, which will be useful for later calculation.
In particular, if n = 2, this becomes
The proof of the lemma for the case n ≥ 3 also follows from (3.1) inductively, thanks to Lemma 2.1. 2
Fix a nonzero polynomial Q in A and let χ be a Dirichlet character modulo Q. The Dirichlet L-function L(u, χ) is defined in the usual way by
It is well-known that, for nontrivial χ, this infinite series is in fact a polynomial in u
where α j (χ) are called the inverse zeros of L(u, χ). The Riemann Hypothesis in this context says that |α j (χ)| = 1 or √ q. Also, we define
Proof. The proof is similar to that of Lemma 2.1, except that we use L(u, χ) in place of
Comparing the coefficients, we finish the proof. 2
From the Riemann Hypothesis, we obtain the bound
Modified Möbius partial sum
We define another partial sum
its mean
and its variance
In this subsection, we carry out some preliminary computations to find the large q
By averaging over B ∈ A + n−h−1 , we obtain
(3.6)
From Theorem 1.1 and Lemma 3.1, we have
for n ≥ 2 and 0 ≤ h < n. Following For A, Q ∈ A, define the Möbius partial sum over arithmetic progressions 
Proof. From Lemma 3.5 and (3.7),
We utilize the following version of orthogonality of characters
where Φ(T n−h ) is the Euler's totient function. Sum (3.9) over all f ∈ A n to obtain
We factor out scalars from f and have the sum run over monic f 's. That is,
Using the easy fact Φ(T
Finally, we will separate out the term χ = χ 0 , the trivial character modulo T n−h . Note that gcd(f, T n−h ) = 1 if and only f (0) = 0, so that
from Lemmas 2.1 and 3.1. Combining (3.8), (3.10), and (3.11) we complete the proof. 2
Now, we compute V[M * (•; n, h)] using Proposition 3.6.
where both χ 1 and χ 2 run over all non-trivial even characters modulo T n−h . Now, we use the fact that the map * establishes a one-to-one correspondence between A + n−h−1 and the set of those invertible residue classes modulo
(see (4.10) in [5] ), which gives
Then, we apply the orthogonality as stated in Lemma 3.2 in [5] to remove B * in the sum, leaving only those terms with χ 1 = χ 2 . As a result,
Then, we restrict the summation only over primitive characters by bounding the contribution from non-primitive characters, as is done in [5] , to obtain
as q → ∞. This is obtained by applying Corollary 3.3, which says
for non-primitive characters. We refer the reader to the proof of Theorem 4.4 in [5] for details.
Computation of variance for the modified Möbius partial sum
In this subsection we find the large q limit of the variance of M * (A; h), which is in a sense more natural and easier to prove than Theorem 1.2.
Theorem 3.7. For any n and h with h < n,
This will be done by rewriting the summation in (3.13) as a certain random matrix integral using the equidistribution theorem of Deligne and Katz. The summation over all nontrivial Dirichlet characters χ that are even and primitive will be indicated by the starred summation as * χ . Write N := n − h − 2. Then, for each primitive even nontrivial character χ modulo
where α j (χ) = √ qe iθ j (χ) are the inverse zeros (see §3.5 of [5] ). So,
Applying this to (3.13),
(3.15)
We now compute the above summation using the random matrix technique. Define a class function ϕ n of the (projective) unitary group U (N ) by 
To calculate the integral on the right side of (3.17), we let
Also, define the Schur symmetric polynomial s λ by
.
Here, λ := (λ 1 , λ 2 , . . .) is a partition whose length is ≤ N (see §3 of [2] and §1.3 of [6] .) Lemma 3.8. Let λ = (n) be the partition of n of length 1. Then,
Proof. This is well-known. Note that the function f (x 1 , . . . , x N ) is the n-th complete symmetric function h n . See I-2 and (3.9) of [6] . 2
Recall that we defined N := n − h − 2 and that is what we will need later. The next proposition, however, holds for general n and N . This is a direct consequence of a theorem of Gamburd in [2] , which says that the irreducible characters of the unitary group are given by Schur functions s λ . Proposition 3.9. Let ϕ n be given as in (3.16 Since we assumed 2h < n this yields the desired conclusion (I) = o(q h+1 ). To estimate (II), we proceed in a manner similar to the proof of Lemma 2. 
